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Abstract 

For a cardinal k and a model A4 of cardinality k let No(A^) de- 
note the number of non-isomorphic models of cardinality k which are 



iooK-equivalent to A^. In She82 | Shelah established that when k is a 
weakly compact cardinal and /i < k is a nonzero cardinal, there exists 
a model M of cardinality k with No(A^) — fi. We prove here that 
if K is a weakly compact cardinal, the question of the possible values 
of No(A^) for models of cardinality k is equivalent to the question 
of the possible numbers of equivalence classes of equivalence relations 



which are Ej-definable over V^. In | SVa | we proved that, consistent 
wise, the possible numbers of equivalence classes of Sj-equivalence 
relations can be completely controlled under the singular cardinal hy- 
pothesis. These results settle the problem of the possible values of 
No(7W) for models of weakly compact cardinality, provided that the 
singular cardinal hypothesis holds. |^ 



1 Introduction 

Suppose K is a cardinal and M. \s a model of cardinality k. Let No(A^) 
denote the number of non-isomorphic models of cardinality k which are 
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elementary equivalent to M over the infinitary language -Lqok- We study 
the possible values of No(A^) for different models A4. 

When M. is countable, No(A1) = 1 by |Sco65 |. This result extends to all 



structures of singular cardinality A provided that A is of countable cofinality 
|Cha68^ . The case A4 is of singular cardinality A with uncountable cofinality 
was first treated in |She85| and later on in |Shi8^ . In these papers Shelah 



showed that if k > Hg, 0'^ < X for every 9 < X, and < fi < X or jj. = A"^, 



then No(A1) = /i for some model A4 of cardinality A. In the paper [3Vb] of 
the authors the singular case is revisited, and particularly, it is established, 
under the same assumptions as above, that the values fi with A < /x < A'^ 
are possible for No(A^) with Ai of cardinality A. 

li V = L, K is an uncountable regular cardinal which is not weakly compact, 
and is a model of cardinality k, then No(A4) G {1,2'^} [^heSlj . For 
K = Hi this result was first proved in [pal77a| ]. The values No(>i) G {Kq, Hi} 



for a model of cardinality Ki are consistent with ZFC + GCH as noted in 
[phe81 |. All the nonzero finite values of No(7W) for models of cardinality Hi 



are proved to be consistent with ZFC + GCH in |SVc | . 



When K is a weakly compact cardinal and ^ is a nonzero cardinal < k there 



is a model A4 of cardinality k with No(A1) = fi [ She82 ]. In the present paper 
we show that when k is a weakly compact cardinal, the possible values of 
No(A1) for models of cardinality k depends only on the possible numbers of 
equivalence classes of equivalence relations which are S}-definable over as 
follows: for some first order sentence (p in the vocabulary {g, Rq, Ri, R2, Rs} 
and a subset P of V^, it is the case that for all s,t G "2, 

s ~ t iff for some r G "2 (K, G, -P, s, t,r) \= (j) 

where P, r, s, and t are the interpretations of the symbols Rq, Ri, i?2, and 
-R3 respectively. More precisely, we prove the following theorem. 

Theorem 1 When k is a weakly compact cardinal, the following two con- 
ditions are equivalent for every nonzero cardinal fj,: 

a) there is an equivalence relation on '^2 which is T\-definahle over 
and has exactly fi different equivalence classes; 

b) No(A^) = for some model M. of cardinality k. 



In the paper [3Va] we proved that for every nonzero cardinal € k U 



{k,k'^,2'^} there is always a -equivalence relation (as defined above) 
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with exactly fx different equivalence classes. Moreover, consistent wise, one 
can completely control the possible numbers of equivalence classes of S}- 
equivalence relations provided that the singular cardinal hypothesis holds 
[pVa| , Theorem 1]. It follows that, the question of possible value of No(A4) 
is completely solved, when A4 is of weakly compact cardinality and the sin- 
gular cardinal hypothesis holds. Again more formally, the conclusion will 
be the following. 

Conclusion 1.1 Suppose that the following conditions are satisfied: 



K is a weakly compact cardinal; 

K remains a weakly compact cardinal in the standard Cohen forcing 
adding a new subset of k; 

the singular cardinal hypothesis holds; 

A > is a cardinal with X'^ = X; 

Q is a set of cardinals between and X (possibly empty), which is 
closed under unions of < K-many cardinals and products of < K-many 
cardinals. 



Then there is a forcing extension where there are no new sets of cardinality 
< K, all cardinals and cofinalities are preserved, k remains a weakly com- 
pact cardinal, 2^ = X, and for all cardinals fi, there exists a model Ad of 
cardinality k with No(A1) = fi if and only if fi is a nonzero cardinal < 
or n is inVL\J {2"}. 

Remark. When k is a weakly compact cardinal, it is possible to have, using 
the upward Easton forcing, a generic extension where k is still a weakly 
compact cardinal and k remains weakly compact in the Cohen forcing adding 
a subset of n (Silver). The forcing needed in the conclusion is the ordinary 
way to add Kurepa trees of height k with ^-many K-branches through them. 



for all /i G ri. As noted in [pVa| , Fact 5.1], this forcing is locally k Cohen, 
and therefore, k remains a weakly compact cardinal in the composite forcing 
of the upward Easton forcing and the addition of new Kurepa trees. 

Note also, that the closure properties mentioned in the conclusion are nec- 
essary by the fact that the possible numbers of equivalence classes of S}- 
equivalence relations are always closed under unions of length < k and 
products of length < k, see [^Va , Lemma 3.4]. 
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There are three parts in the paper. First in Section |2| we recall a defini- 
tion of a Ehrenfeucht-Frai'sse-game EFf^.x{M,Af) generalizing the elemen- 
tary equivalence between two models over an infinitary language Look- In 
addition to that, we show that if is a model of cardinality k, then there is 
a S J -equivalence relation with exactly No(A^) different equivalence classes. 
We also note how this connection extends to even more strongly notions of 
equivalence between models. 

The last two sections are dedicated to the other half of the proof of the 
theorem, namely to the proof that the existence of a Sj-equivalence relation 
with /U-many equivalence classes implies the existence of a model A4 with 



card(A^) = k and No(A4) = /i (Lemma O at the end of Section ^). First 
in Section ^ we define a special family of functions which is used to build 
models in the last section. This part might feel quite technical. However, it 



is elementary and the fundamental idea of the construction is from |She82]. 
The reader may even skip all the lemmas of this section in the first reading, 
and return to those when they are referred from the last section. 

The content of Section |^ is as follows. Assuming that k is strongly inacces- 
sible and 4> defines a -equivalence relation on '^2 with a parameter 
-P C we construct models Mt for t € "^2 satisfying that 

the models are of cardinality k and they have a common vocabulary 
p consisting of k. many relation symbols each of having arity < k; 

all the models are pairwise LooK-equivalent, and even more, they are 
pairwise MooK;A-equivalent for any previously fixed regular cardinal 
X < K (see Definition 

for all s, t € '^2, the models A4s and A4t are isomorphic if, and only if, 
s and t are equivalent with respect to ~0,p. 

Furthermore, when k is a weakly compact cardinal the models satisfy the 
additional property that 

if a model Af has vocabulary p, Af is of cardinality k, and Af is 
-^^ooK-equivalent to one (all) of the models Mt, t € '^2, then M is 
isomorphic to Ms for some s € '^2. 

This is the main difference between the strongly inaccessible non-weakly 
compact case and the weakly compact case: the nj^-indescribability property 
of a weakly compact cardinal k ensures that the "isomorphism type" of any 
model J\f with domain k is already determined by the isomorphism types of 
the bounded parts J\f\a, a < k, alone (see the proof of Lemma |477| ) . 
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2 Preliminaries 



Definition 2.1 Suppose fi is a cardinal and X is a infinite regular car- 
dinal. Let Ad and M he models of a common relational vocabulary. The 
Ehrenfeucht-Fraisse-game 'EF f^-\{M.,N) is defined as follows. The game 
has two players, V and 3, and a play of the game continues for at most A 
rounds. On round i < X player V first chooses Xi € {AA^M} and Ai C Xi 
of cardinality < fi. Then 3 replies with a partial isomorphism pi such that 

dom(pj) C M, ran(pj) C M, Uj<iPi ^ Pij ""■'^ 

Ai C dom(j)j) if Xi = A4, and Ai C ran(pj) otherwise. 



Player 3 wins a play if the play lasts X many rounds, and otherwise, V 
wins the play. We write A4 =ook;X ^ when 3 has a winning strategy in 
EF,;a(A^,A/'). 



Let M and M be models of a common relational vocabulary and k be a 
cardinal. The game EFk;^; ( , A/") is the usual Ehrenfeucht-Fraisse-game of 
length Lo which characterizes the existence of a nonempty family of partial 
isomorphism with the "fewer than k at the time back-and-forth property" . If 
M. and J\f satisfy the same sentences of the infinitary language L^ok , we write 
J14 =ooK A/". By the Karp's theorem [Kar65| player 3 has a winning strategy 
in EFk;w(A4, A/") if, and only if, M =ook A/". So the game EF^.x{M,M), for 
an infinite regular cardinal A < k, is a generalized version of the "fewer than 
K at the time back-and-forth property". There are so-called infinitely deep 
languages Mook;X with the property that AI =ook;A A/" if, and only if, AI and 
A" satisfy the same sentences of M^qk-x f Hyt90 , Kar84 , Oik97]. 



For a model TV we let card (A") denote the cardinality of the universe of A". 
For any model AI of cardinality k and a regular cardinal < A < k, we 
define No;^(A1) to be the cardinality of the set 

{Af/= I card(A/') = k and A" =ook;A M}, 

where M /= is the equivalence class of A" under the isomorphism relation. 

For all sets X of ordinals, the ordinal sup{a + 1 | a G X} is abbrevi- 
ated by sup"'"(X). For all sequences a = {ai \ i < 6) oi ordinals, we 
denote sup"'"({Qj | i < 9}) by sup"'"(a), and we abbreviate the sequence 
{f{oii) I i < ^) by /(a). For a regular cardinal k and a subset S of k, 5 is 
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called stationary if for every closed and unbounded subset C of k, 5 fl C is 
nonempty. 

Next we recall the definition of an equivalence relation which is Sj^-definable 
over the set H{k) of all sets hereditarily of cardinality < k from [ 5Va , 
Definition 3.1]. In this paper k will be a strongly inaccessible cardinal and 
so H{k) equals to the set VJ^ of all sets having rank < k. It will be more 
convenient to use instead of H{k) here, especially, when we consider 
elementary submodels of V^, and also, when we apply n}-indescribability 
property for k weakly compact. 



Definition 2.2 Suppose k is a strongly inaccessible cardinal. We say that 
(j) defines a Tj\- equivalence relation ~^,p on '^2 with a parameter P ^ 
when 



a) (j) is a first order sentence in a vocabulary consisting of €, one unary 
relation symbol Rq, and binary relation symbols Ri, R2, and R3; 

b) the following definition gives an equivalence relation on '^2: for all 

s ^4>,p t iff {Vn, G, -P, s, t,r) \=(l) for some r G ''2, 

where P, s, t, and r are the interpretations of the symbols Rq, Ri, R2, 
and i?3 respectively. 

We say that there exists a T,\- equivalence relation on '^2 having fi many 
different equivalent classes when there is some sentence (j) and a parameter 
-P C such that <j) defines a Ti\- equivalence relation ^^^p on '^2 with the 
parameter P and card({//~^,p | / € '^2}) = 



Lemma 2.3 If k is a strongly inaccessible cardinal and M. is a model of 
cardinality k, then there is a Tj\- equivalence relation on '^2 such that the 
number of different equivalence classes of it is No(A^). 

Proof. For a function vr having domain k and a binary relation R, we let 
7r(i2) denote the set {vr(^) | for some ^ < k, (C, 1) € R}- For every n < lo, 
we write 7r„ for a fixed definable bijection from k onto {(ai,...,a„) | 
ai,...,a„ G k}. We may assume that the domain of is «; and its 
vocabulary consists of one relation symbol Q of finite arity n. For a bi- 
nary relation R let Af{R) be the model having domain k and interpretation 



6 



7r„(-R) for the relation symbol Q. By the inaccessibility of k, let p he a 
bijection from k onto V^. For a binary relation R let ti{R) be the set 
{p{C) I C < ^ is a successor ordinal and 1) € i?} and T2{R) be the set 
{pCO I ^ < is a limit ordinal and 1) € i?}. 

Since for all models Af, the game EFK;aj ( , AA) is determined, the condi- 
tion AA ^ooK is equivalent to that player V has a winning strategy in 
EFK;aj(A1, AA). Therefore, using the interpretation and the bijection p 
as a parameter, the sentence (l){Ro, Ri, R2, R3) saying 

"( Ti(i?3) is a winning strategy for player V in EFi^-^{AA,M{Ri)) 
and T2{R'i) is a winning strategy for player V in 'EF ^ N {R2)) 
) or ( 7r2(i23) is an isomorphism between M{Ri) and J\f[R2) )" 

defines a S]^ -equivalence relation on '^2. This definition is as wanted in the 
claim, except that when No(A^) is finite the definition gives one extra class. 
That can be avoided by obvious changes to the definition. 



Remark. As noted in [3Va, Section 5], the theorem on the possible num- 
bers of equivalence classes of -equivalence relations directly extends to 
equivalence relations which are definable over using a subset of as 
a parameter and a sentence which is a Boolean combination of a sentence 
containing one second order existential quantifier (S^-sentence) and a sen- 
tence containing one second order universal quantifier (n}-sentence). In the 



proof of Lemma 2^ above we needed the fact that the game FiF i^-^{M.,M) 
is determined to find a E}-sentence which says "if the models are equivalent 
then ... ", i.e., "either the models are nonequivalent or . . . ". But there is a 
n]^-sentence saying "there is no winning strategy for player 3 in the game . . . 
". Hence, after we have proved that existence of a S]^-equivalence relation 
with //-classes implies existence of a model M with No(A^) = /x (after the 
next two sections), we can conclude: consistent wise, the possible values of 
No(A^) for M of weakly compact cardinality k might be exactly as wanted, 
and moreover, the possible values of Noa(A4), for M of cardinality n and 
A < K any regular cardinal, coincide with the possible values of Not^(Al). 



3 The family of functions 

Throughout the next two sections «; is a strongly inaccessible cardinal, i.e., 
a regular limit cardinal satisfying 2'^ < k for all p < k, and A is a fixed 
regular cardinal below k. 
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In this section we define a family of functions which will be used to build 



the models A4t, t G "^2 (Definition There is a similar idea in She82 ], 

however, this time we want the functions to satisfy some additional proper- 
ties. Hence the definition of the family will be a little bit more complicated. 
Particularly, we shall first define a special tree (Definition |3.5D which will 
be only a steering apparatus in the construction of the family of functions 



itself (Definition 3.9). 



To make our models strongly equivalent we shall guarantee that for every 
pair A4s and A4t, s,t £ '^2, a certain subfamily of all the functions will form 
a winning strategy for player 3 in the game EFk;a(A4s, A4t) (Definition 13.4] ). 
So we shall need a "stronger extension property" for the functions than was 
needed in ^he82| . 



Most importantly, we want that a pair Ms and Mt, s,t (z '^2, of models are 
isomorphic if, and only if, the corresponding indices s and t are equivalent 



with respect to some previously fixed $]}-equivalence relation (Lemma 4.4). 
Hence we have to code information about the equivalence relation into the 
family of functions (Definition and Definition |3.9|) . 



Henceforth (/) denotes a sentence which defines a S}-equivalence relation 



~^^p on '^2 with a parameter P C (see Definition 2^). Without loss of 
generality we may assume that for all s,t,r G '^2, 

(1) (K, e, P, s, t,r)^(t> iff {v., €,P, t, s, r) h 
Furthermore, we may assume that for all s, t S "^2, 

(2) if s(Ila) = t(I[a) for every a < k then s ~0,p t. 



Definition 3.1 Let r[0] he {(0, 0, 0, 0)} and for every nonzero a < k define 

T[a\ = {(??, T, C) I 7],i^,T e (^^2, r]^iy, and C is a closed subset of a}, 
T[< «]=U/3<„r[/?], andT = [j^^^T[a]. 

For every u £ T , we let ord(u), funi(n), fun2(n), fun3(n), and cst(n) he 
elements such that u G T[ord(n)] and u = (funi(n), fun2(ti), fun3(n), cst(u)). 
Furthermore, for every u T, we let u\P denote (0, 0, 0, 0) when P = 0, and 
when P > 0, 

u\P = (funi(ti)p/3,fun2(n)p/3, funs (u)p/3, est (u) n^). 
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The elements u,v (zT form a tree when they are ordered by 

u<v iffu = v |"ord(ti) and ord(ti) G cst(t;). 

The notation u < v stands for u < v or u = v. For a <-increasing chain 
{ui \ i < 0) of elements in T , < k, we write Ui<6» ^« Z^*" following 
element in T: 

( U<e funi(ni), Ui<0 fun2(u0, Ui<e fun3(u,), C^, 

where C is the closure o/ IJ^^g cst(ni). 

Definition 3.2 For every s,t,r E ^2 define 

Cs,t,r = {0}U{6 <K I {Vs,£,PnVs,s\6,t\6,r\6) ^{V^,e,P,s,t,r)^cl)}. 

{Then for all nonzero 5 G Cs^t,r; = let T^ be the set of all u & T 

such that for some s,t,r G '^2, the following conditions are satisfied: 

funi(n) C s, fun2(u) C t, and fun3(ti) C r; 
ord(u) G Cs,t,r o-nd cst(n) = Cs^t,r H ord(u). 

Definition 3.3 For each a < k define a lexicographic order <a as follows: 
for all elements rj,v ^ {^a,)2, 

1] <aV iffv / and7]{() < v{i),fori = mm{C < | r?(C) / i^(C)}- 
Define 

T[<] = G T I ixmi{u) <ord(u) fun2(u)}. 

For every u gT, denote the tuple (fun2(u), funi(u), funs (n), est (u)) by 
(the order of the first and the second elements are exchanged) . 

Remark. For every u &T^, u^^ G T^ by the assumption 

Definition 3.4 Define Suc^ to be the set \ P is a successor ordinal 

}. Assumen is a surjective function from {0}LiSuc'^ onto {(0, 0, 0, 0)}ur[< 
] such that 
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if 7r{a) = u then either a = and u = (0, 0, 0, 0), or else ord(n) < a; 

for every u G {(0,0,0,0)} ur[<], the set {a G Suc+ | 7r(a) = u} is 
unbounded in k. 

We define T^, for fixed regular X < k, to be the smallest subset ofT satisfying 
the following conditions. 

1) (0,0,0,0) is tnTl 

2) Ifue Tl then u'^ G T^. 

3) T"^ contains every u G T[<] having the properties: 

i) 7/supcst(u) < ord(u) then ord(u) G Suc+ and for the maximal 
element 7 G csi{u), 7r(ord(u)) = & \J T^; 

ii) z/supcst(n) = ord(n), i/ien est (n)nSuc"^ is nonempty, cf(ord(u)) < 
A, and for every (3 G cst(n), n|"/? G T-^ U r|. 

We shall need only a restricted part of T, so we change the notation a little 
bit. 

Definition 3.5 For each a < n, let Con((^"^2) be the family of functions 
T] satisfying that rj G (-^^2 for some a < k, r/(^) = if ^ < 3q, and for all 
(3 < a and ^ G H^+i \ ^f3, = ilC^fs)- Define the restricted part of T to 
be 

U= jnGTiuTl I n= (0,0,0,0) or 

funi(n),fun2(n),fun3(ti) G Con((-^°'^d{«))2) |. 

Denote T^nU by and T^nU byU^. We write that ueU IS a successor 
of V when v ^ U and there is no w ^ U with v <w <u. An element u (z U 
is called a successor if u = (0, 0, 0, 0) or there is v ^ U such that u is a 
successor of v. If u is not a successor, u is called a limit. For all a < k, 
U[a] denote T[a] n U and U[< a] stand for T[< a] n U. When u G U, we 
write that "for all v <u" when we mean that "for all v & U with v <u". 

Remark. By the assumption (^) at the beginning of this section and the 
use of elementary submodels in Definition 3.2, our restriction of (^^2 to 



Con((^°'^2) is harmless. However this restriction turned out to be useful in 
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the forthcoming Definition 3.£ and the property Lemma 3]T6|(|) (we want 



that for successor u G U with c" increasing, the information end.(pi^) is 



determined by a single point C £ ran(c") alone, see the definitions 3.9 and 



3.11 below for unexplained notation). 

Note also that an element u £ is a successor oi v £ U only if f S U^. 
However, for every v € there is u G C/| which is a successor of v. When 
u £ is a limit point then it is a limit of elements in U^. Besides, n € C/| is 
a limit point only if it is a limit of elements in C/| (see the proof of Fact 3.6(^) 
below). 

Fact 3.6 



a) For all ^-increasing chain {u-i \ i < 0) of elements in f7|, cf(^) < A 
and the tuple Ui<e ^« ^■^ ^x- 

b) For all <-increasing chain u = {ui \ i < 9) of elements in U^, if u 
has some upper bound in U {with respect to the order <) then the tuple 
[ji^gUi is in U^. 

Proof. 1^ This property is an obvious consequence of Definition ^!^( ^.ii| ). 

^ Suppose that w £ U is an upper bound for u. Let v be the smallest 
element in Uwith v <w and Ui<iv for every i < 6. Then f is a limit of the 
elements Ui £U^, i < 9. 

Suppose V is in U^. By Definition |3.4| ( |3l|) , cst(?;) does not contain a maximal 
element, cst(f) = \Ji^QCst{ui) since u is o-increasing, and for every (3 G 
cst(u), u\l3 £ U. Since Sue''' contains only successor ordinals and each m is 
in U^, cst(uj) nSuc+ = for every i < 9. Hence cst(v) is disjoint from Suc+ 
contrary to Definition ^!^( ^.ii| ). 

It follows that V must be in and there are s,t,r G '^2 such that 

funi(ti) C s,fun2(u) C t,fun3(v) C r, 
ord(t>) G Cs,t,r, and cst(t') = Cs,t,j- H ord(t;). 

For every i < 9 and aj = ord(nj), Ui <v implies that Oj G cst(f) C Cs,t,r- 
Hence, for each i < 9, 

{Va„e,PnVa„s\ai,t\ai,r\ai) -< {V^, e, P, s,t,r) ^ 0, 
and for 6 = Ui<6» 

{Vs,e,PnVs,s\6,t\S,r\5) ^ {V,,£,P,s,t,r) ^ (f,. 



11 



Consequently, the tuple {s \6, t \6, r \6, Cs,t,r n 5) = Uj<e (note that 

= ttj) ^(5 = (5, and by the choice of v, v = |Jj<e ^*)- '0 

Definition 3.7 For every (5 < k and 7 < "^p+i we define a function Cj 
with domain 13/3 cls follows: for all ^ < H/j, 

where ■ and + are the ordinal multiplication and addition respectively. Write 
£ for the family of functions {f\A \ f ^ E and A C dom(/)}, where E 

is the set {_] {{(^, {(^) } \ (3 < n and 7 < D/j+i}. The reflection point of 
(i E f \ {0}, denoted he iei{d), is the unique ordinal (3 for which there is 
7 < 13/3+1 satisfying that either d C c^ or d Ci (c^) 

Fact 3.8 

a) For all increasing d,e G £ and Y = ran((i) n ran(e), d~^ \Y = \Y. 

b) For every e G f , either e is increasing and all the elements in ran(e) 
have the same cardinality, or otherwise, e is decreasing and all the 
elements in dom(e) have the same cardinality. 

c) For all e e £ and ^ < ( e dom(e), ( - ^ = e(C) - e(^). 

Definition 3.9 First we need some auxiliary means used in this definition 
only. For all functions p and e, p ^ e is the function p U (e["(dom(e) \ 
dom(p))). Let Ref^ be the set of all limit ordinals below k and Ref^ be the 
set of all successor ordinals below k. For every a < k let <Co be a fixed 
well-ordering of U[a\ and define a well-ordering of Uby 

u <^ V iff ord(ti) < ord(f ) or (ord(ti) = ord(v) = a and u <Cq, v). 

For each w U , denote the set {w' \ w' ^ w} by U[<^ w]. Furthermore, 
let id(n), for u & U, denote the identity function 

{{^,0 I e<ord(n) andfuni(n)re + l = fun2(n)f^ + l}. 
Now define for each u a function pu as follows. 
a) First of all p^ = ^ for u = (0, 0, 0, 0) . 
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b) Suppose u G T[<], u is a successor of v, and for v the function py is 
already defined. Fix an ordinal (3 < ord(n) as follows: 

i) Suppose u G . For all w & U, define inductively that 



(5'^ = min (^RefK (dom(id(n)) U (ord(w) + 1) 

u{/?; I w'eU[<^w]})y 

Fix j3 to he 13'^. 

ii) Suppose u & U"^. By Definition \3.4 , ord(u) G Suc+ and there is a 
unique {3 G Ref^ with ord(n) = (3 + 1. {Note that v = 7r(ord(n)).) 

Assume {wy \ 7' < 9), for 6 < ^0+1, is a fixed enumeration of T[(3] 

without repetition. Let 7 be the ordinal for which u\f3 = holds. We 
define 

{id(n) l±l (p„ l±) c^) i/ran(p„) is ordinal; 

id(n) l±l (p„ l±) (c^) ) otherwise. 

c) Suppose u G T[<.], u is a limit, and for all v <u, functions pv are 
defined. Then define pu to he yj^^^Pv {By the definition of^, pw ^ Pv 
for all w <v < u.) 

d) For all u G U \ T[<] define pu to he {Pu-^)~^ ■ 

For every successor u G U \ {(0,0,0,0)}, say a successor ofv£U, there 
is unique e G £ such that either e = %, or otherwise, dom(e) = dom(pu) \ 
dom(p^,) and pu = Pv ^ e. We denote this e hy c^. 

Remark. The part id{u) in the definition above is needed first time in 
Lemma |3.2C (d) to ensure that all the functions have arbitrary large exten- 



sions. Note also that pu might be id(ti) = {{CO \ S, < ^/j} when ord(ti) 
/? + 1, n G f7| is a successor of (0, 0, 0, 0), and funi(it) = fun2(if) 

Fact 3.10 

a) Ifu£U,^£ dom(p„), and Pu{C) = C, then p„(C) = C for all C < C- 

b) For every u , Pu is a partial function from 1\otA{u) ^^ito '^ovd{u) ■ 

c) For all u,v U , u<v implies Pu Pv 
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d) For every successor u ^ U \ {(0,0,0,0)}, dom(pu) is the cardinal 
^ref(c") ^if c" is ore" is increasing, and ra,n{pu) is the cardinal ll^^fi^c^-^ 
iff c" is or c" is decreasing. 

e) For a// /imii points u G U, dom(p„) = Ut;<iu dom(pt,) = ran(p„) = 
Ut,<«ran(p^) =nordH- 

f) For all limit points u G U^, dom(p„) is a cardinal of cofinality less 
than A. 

g) Suppose that both u and v are successor elements in U. If c^ (1 c" 7^ 
then u and v are successors of the same element, c" = c" , and for 
(5 = ref(c'^) = ref(c''), u\(3 = v\(3. 

Proof. The proofs of are straightforward inductions on the tree 



order o. Note that for every hmit u £ U , u = IJikim ^ by Fact 3.6. Note also 
that in Definition |3.9| ( |bj| ), when u € C/^ is a successor of v, the fohowing 
holds: 

< card(C/[< v])^ < !]ord(i,)+i^ < ord(u), 

since card(C/[^ v]) < ^oTd{v)+ii ord(u) = ^ord{u), and Ref^ is the set of all 
limit ordinals. 



|) By dom(pu) is the cardinal nord(u)- By Definition 3^(3ji), cf (ord(ti)) < 
A. 



w 



Let and w"^ be such that n is a successor of and is a successor of 
^. By Definition 3^(^), Pu = Pw^ U and p^ = p^2 U c" . If wi = W2 and 



c" n c'' / then there are P < min{ord(u), ord(?;)} and 7 < ^^3+1 such that 
0^ = 0"^ Cy and u\P = = v\P, where tf^ is given in Definition |3.9K [b|). 

Suppose u £ U^. li V G and ^ then ref(c") 7^ ref(c^) because the 



mapping w ^ (3'^, given in Definition 3^, is injective. Hence c" H c" = 0. 
Assume v G Then ref(c'') G Ref^ \ Ref^, and because ref(c") e Ref^, 
c« n c'' = holds. Similarly, c" n c'' = if tt G C/| and v G [/^ 

Suppose both n G C/| and v G C/|. Then the equations 7r(ord(u)) = 
and 7r(ord(t;)) = hold, and there are (3^,0^ G Ref^ with ord(u) = (3^ + 1 
and ord(u) = (5'^ + I. If ord(n) / ord(v) then ref(c") = /?i / /32 = ref(c^) 
and hence c" H = 0. On the other hand, when ord(ii) equals ord(t'), 
= 7r(ord(n)) = 7r(ord(?;)) = uP'. ■ 
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Definition 3.11 We define Seq to be the set of all pairs {u,W) satisfying 
the following conditions: 



a) W is nonempty. 

b) For some n < lo, u is a sequence {ui \ i < n) of elements in U \ 

{(0,0,0,0>}. 

c) Let Wo be W . Inductively for every i < n — 1, Wi C. dom(p„.) and 

d) For every i <n-l, fun2('Ui) tsup+(Wj+i) = funi(uj+i) |'sup+(Wi+i). 

For every {u, W) in Seq there is the natural sequence 5"'^ of functions 
defined as follows: 

where each g^'^ is a shorthand for p^i fWj. The composition o . . . o 

5q'^ is denoted by g^'^ . For all sequences f = {fi \ i<n),l<n<u, 
which are of the form g^'^ , for some fixed {u, W) G Seq with lh.{u) = n, we 
shall use the following notation: 

for each i < \h{u), 

ind(/i) = Ui, 

beg(/i) = funi('Ui)tsup+(dom(/i)), 
end(/j) = fun2(uj)tsup+(ran(/j)). 

beg(/) = beg(/o) and end(/) = end(/ih(s)-i); 
/ is the composition /ih(u)-i ° ■ ■ ■ ° fo; 

fori < lh(n), /<i is a shorthand for fiO. . .0/0, and for all^ G dom(/), 



f<i{0 = 



e ifi = 0; 

o . . . o /o(4) otherwise. 



Definition 3.12 A sequence f = y"'^, {u, W) G Seq, is called minimal if 
the following two conditions are satisfied: 
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a) for all i < lh(/) and v <lind(/j), dom(/j) ^ dom(pt,); 

b) there are no indices i < j < lh(/) satisfying that the composition 
fj0...ofi is identity and beg(/i) = end(/j). 

Let J" he the set {g^^^ \ (-u, t^) G Seq and 

gU,w minimal} . We abbreviate 

{/ I feT andlh{f) = 1} to Tx. 
Fact 3.13 

a) For all {u, W) G Seq, either g^'^ is the identity function andheg{g^'^) 
end{g^'^), or otherwise, there is a sequence f ^ T such that lh(/) < 
lh(u), / = g"'^, beg(/) = beg(5^'^), and end(/) = end(5"'^). 

b) For every q ^ T\ there is 6 (z dom(g) such that for all ^ € dom{q) \ 9, 

c) For every q^ T\ with ind(g) = u a successor, c" is nonempty. 

Note that for all functions x and sets X, x\X means the restricted func- 
tion x|"(dom(x) n X), so we do not demand that X C dom(a;) in any such 
restrictions. 

Lemma 3.14 For all nonempty q & J^i, 

ind(g') is a successor if, and only if, sup"''(dom((7)) ^ sup^(ran(q')). 

Moreover, if md{q) = u is a limit, then 

sup+(dom(q')) = sup+(ran(g)) = dom(p„) = ran(p„) = ^oid{u)- 



Proof. First of all recall, that q is not identity, Fact p.l3 (b|). Suppose first 



that md{q) = n is a successor of v € f/. Then q Q Pv^ e for e = c" ["dom(g). 
Abbreviate ref(e) by 7. We have 7 > ord(t') and dom(p^) U ran(p„) C 
^ord(D) — ^7- Because e is nonempty, the claim follows from the facts that 
dom(e) nH-y / implies dom(e) C and ran(e) = 0, and on the other 
hand, dom(e) PlH^ = implies ran(e) C H^. 

Assume ind(g) is a limit. Denote ind((/) by u and ^ord(u) 

by fi. Because 

dom(p„) = ran(pu) = /i it suffices to prove that sup+(dom(g)) > n and 
sup^(ran((7)) > /i. 
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Let 9 < K he such that {vi \ i < 6) is a <i-increasing enumeration of the 
elements w <\u. We know that for all ordinals i in {j + (2n + 1) \ j < 
is a limit ordinal or 0, and ti < w}, dom(pj,^ ) is a cardinal. If sup^(dom(g')) < 
/i then there would he, i < 9 with dom.[q) C dom(p„.) contrary to Defini- 
tion 3.12 (aD. So dom(g) must be unbounded in /i. 

Besides, we know that for all ordinals i in the set / = {j + 2n | j < 
is a limit ordinal and n < ran(p^j ;) is a cardinal. So if sup+(ran((7)) < 
^ and i G / is such that iaii{q) C ran(pt,.), then dom(g) C dom(p„.) since q 
is injective and ran(p„.) is an ordinal. Thus ran((7) is also unbounded in 



Lemma 3.15 



a) Suppose p,q £ J^i and e £ £ is a nonempty increasing function with 
e C pCiq and ref(e) = f3. Then for X = dom(p) ndom(g) flD^, p\X = 

q\X andind{p) \(3 = md{q) \(3. Particularly, beg(p) ["sup+(X) = beg(g) fsup+(X). 

b) For all q € T\, i/ sup+(dom(g)) is a cardinal, then sup"''(dom((7)) < 
sup+(ran(g)). 

c) If f G !F and sup+(dom(/o)) < sup''"(ran(/o)) then sup+(dom(/j)) < 
sup+(ran(/j)) for every i < lh(/). 

d) For all f G f' andi < lh(/), sup+(dom(/j)Uran(/j)) < sup+(dom(/)U 
ran(/)). 

e) For all f a T , i/ sup+(ran(/)) is a cardinal fi and dom(/) C fj, then 
sup+(dom(/)) = /i. Furthermore, if dom(/) = /i then dom(/j) = 
ran(/j) = fi for each i < lh(/). 

Proof. ^ By Definition |3.9| , there are successors u,v £ U with u < ind(p), 
V < md{q), c"fdom(e) = pu|"dom(e) = e = p„fdom(e) = c''fdom(e), and 
dom(p„) = dom(p„) = By Fact |3.1C1| (§), u and v are successors of the 
same element, say w (zU, c^ = c^, and u\P = v\p. Therefore we have 

pQp C Pu = Pw^ c"" = pw^ c'' = p,^ D qQp, 

and 

beg(p) p/3 C funi(n) = funi(?;) D heg{q) p^. 
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^ Suppose that sup"'"(dom(g)) > sup+(ran((7)). Then by Lemma 3.14 , 
md{q) must be a successor. Denote d^^^"^^ fdom(g) by d. Necessarily d 
is decreasing and dom(d) is an end segment of dom{q). By Fact 



card (sup"*" (dom(d))) = card(mindom(d)). Thus sup+(dom(g)) = sup+(dom(d)) > 
mindom(d) is not a cardinal. 

^ Suppose, contrary to the claim, that there is j S {1, . . . ,lh(/) — 1} with 
sup"'"(dom(/,)) > sup+(ran(/j)). We may assume that j is the smallest 
possible index with this property. 

Suppose first that sup^(dom(/j)) = sup"'"(ran(/j)). Then for u = ind(/j), 
sup"'"(dom(/j)) is the cardinal nord(u) by Lemma |3.14 . It follows from 



the equation dom(/j) = ran(/j_i) = dom(/j_i~^) and by applying _ 
to fj-i~^, that sup"'"(dom(/j_i^^)) < sup+(ran(/j_i~"'^)). However, then 
sup"'"(dom(/j_i)) > sup^(ran(/j_i)), contrary to the choice of j. 

So suppose sup+(dom(/j)) > sup^(ran(/j)). Note that sup^(dom(/j_i)) < 
sup"'"(ran(/j_i)). Abbreviate ind(/j_i) by u and ind(/j) by v. By Lemma p. 14 , 



there are w"^ ,w'^ G U such that it is a successor of and v is a successor of 
vj'^. Denote ref (c'^) by 7-^, ref (c") by 7^, tdom(/j_i) by d^, and d' fdom(/j) 
by d^. Then d^ , d^ are nonempty, is increasing, d? is decreasing, and 

fj-i QPu =P«,i U(i\ 
ran(p^i) C n^i, 
ran((i^) C D^i+i \ H^i, 
fj C p„ = p^2 U 
dom(p^2 ) C , 
dom((f^) C 3j2^i \ n^2. 

Because ran(/j_i) = dom(/j), it follows that 71 = 72 and van{d^) = 
dom((i2). By Fact U®, = and hence n c^"''^ / (the nota- 

tion is explained in Definition |3.3|). By Fact 3.10| (^, = {w'^) ^ and 



u\^i = V ^|"7i. Consequently, = fj ^ and for 9 = sup+(dom(/j_i)) 
sup+(ran(/j)) < H^j, beg(/j_i) = funi (n) [6* = funi(t;"i) [6* = fun2{v)\e = 
end(/j) contrary to the minimality of /. 

^ Denote sup"*"(dom(/)Uran(/)) by 9. To reach a contradiction let j < lh(/) 
be the smallest index with sup"*" (dom(/,)Uran(/j)) > 9. Then sup+(dom(/j)) < 
9 < sup+(ran(/j)) since dom(/o) = dom(/) and ran(/j) = dom(/j+i) for ev- 
ery i < j. However, from (||) it follows that sup"'"(ran(/j)) < sup+(dom(/fc)) < 
sup"'"(ran(/fc)) for all k € {j + l,...,lh(/) — 1}, and so sup"'"(ran(/)) = 
sup"'"(ran(/ii^(j-)_]^)) > 9, a contradiction. 
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1) By applying (g) to \ for n = lh(/) - 1, we get that sup+(dom(/„)) > 
sup+(ran(/„)) = ^. By @}, sup+(dom(/„)) < ^. Hence sup+(dom(/n)) = 
/i. In the same way it can be shown sup'''(dom(/j)) = /u for all i < n. 

Suppose dom(/) = fi. By Lemma [3.14 , ind(/j) is a limit point, say Ui G U, 



and sup'^(ran(/j)) = fj, = dom(p„.) = ran(p„.) for every i < n. However, 
when n > 1, /o C together with dom(/o) = dom(/) = fi = dom{pu) 
imply that /o = Puo ran(/o) = fi = dom(/i). A similar reasoning shows 
dom(/j) = ran(/j) = /i for every i < n. ^3. is] 

Lemma 3.16 

a) Suppose f,gGT are such that dom(/) = dom{g) = {^}, /(^) = g{C), 
and fi is increasing for every i < lh(/). Then lh(/) < Ih(^) and for 
k = 111(5) - both fi = gk+i and beg(/i) = heg{gk+i) hold for 
every i < lh(/). Moreover, ifheg{g) = beg(/) or for every j < Ih(^), 
gj is increasing, then lh(/) = Ih(^). 

b) Suppose q G J^i, 6. < C £ dom(g), and that both q\{C} and q\{C} are 
increasing. If there is no d € £ with {^, C dom((i) then card(^) < 
nref(qt{C}) ^ card(C). 

c) Suppose ((/1, 92) G ^ and sup"''(dom((7i)) < sup+(ran(gi)). Then 
ind((/i), ind((72) are successors, the functions d^ = c™'^^'^^'* |"dom((7i), 
^2 _ gmd(q2) |'(iom(g2) satisfy the demand that they both are increasing, 
and dom(g2) \ minran(d^) C dom(d^). 

d) Suppose f and sup"''(dom(/o)) < sup+(ran(/o)). Then for every 
i < lh(/), ind(/j) is successor, d^'^^fi^ is increasing, and particularly, 
for d = d^^^fo^ |"dom(/o) and for every i G {1, . . . , lh(/) — 1}, dom(/i) \ 
/<,(minran((i)) C , 

e) Let f be as in @j. For u = (ind(/i) | i < lh(/)) and for every 6 
with sup+(dom(/)) < 9 < ni.ef(rf), the pair {u,9) is in Seq and the 



sequence 5"' is in T (see Definition 3.1J\ ). Furthermore, i/end(/) is 
a function with a constant value, then end{g^'^) ^ end(/) is also a 
constant function. 

f) For every f inT there is dom(/) withran{ f) C /(^)+sup^(dom(/)). 

g) Suppose g G J^, dom.{g) is a cardinal n, ind((7o) = uq is successor, and 
c^o is increasing. Assume h ^ J- is such that dom(/i) = C ^, 
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C e dom(c"o), = g{0, and heg{h) C beg(5r). Then either h{^') G 
ian{g), or otherwise, h{^') > /i(^) + ^u. 

Proof. ^ Denote lh(/) — 1 by n and lh(g) — 1 by m. If was decreasing, 
then, by applying Lemma 3.15| (P) to the sequence {gm~^, ■ ■ ■ ,9o~^) in gi 



should be decreasing for every i < m and sup+(dom((7)) > sup"^ (ran 
sup+(ran(/„)) > sup"'"(dom(/)) = ^+1 contrary to the assumption dom(/) 
dom(5) = {^}. Thus g^ is increasing. Since ran(/„) = Tan{gm), fn = 9, 
by Fact |3!^(|al). By Lemma |3.15| (|a|), beg(/n) = beg(g'm)- When n > 



m 



ran(/„_i) = dom(/„) = dom(gm) = iaii{gm~i)- Hence we can repeat the 
same argument and we get that = gm-i and beg(/„_j) = beg(5rm-i) 
for every i < min{m,n}. However m > n since otherwise dom{g) = 

{f<n-m{m + {^l- 

If m > n and beg(g) = beg(/) then g<m-n-\{i) = C and end{gm-n-i) = 
heg{gm-n) = beg(/o) = beg(/) = beg(g) = beg(5ro) contrary to the mini- 
mality of g. 

If m > 71 and gj is increasing, for every j < Ih(^), then ran(5m-n.-i) = 
dom{gm-n) = dom(/o) = {C} and dom{g) = {go'^ o ...o c?m-n-i"HO} / 
{^}, a contradiction. 

^ Let u < ind((7) be the smallest element with ^ G dom{pu), and v < md{q) 
be the smallest element with ( G dom^p^). Then u and v are successors, 
u < V, ^ e dom(c"), C e dom(c''), and q\{^,C} C c" U c'' C p„ U c"". 
Assume c" ^ c" . Then n <i Since is increasing dom(p„) = where 
/3 = ref(c"). Because C G dom(c^) \ dom(c") we have dom(c^) = 0. So 
card(0 < < card(C)- 

H) follows that sup"''(dom(g2)) < sup"'"(ran(g2))- The elements ind((jri) and 
ind((72) are successors by Lemma 3.l4 If '72(0 = C then qi should be 



identity contrary to Fact [3.15 (b[). So both and are increasing. If for 
some ^ G ran((i^), g2t{C} is decreasing, then (d^) ^[{C} = (72 TIC}, and as 
in the proof of Lemma ^.15| (|^, ((/i)^^ = and beg(gi) = end(g2) contrary 
to the minimality of the sequence {qx^q'i]- Thus (72r{'?} is increasing for all 
^ G ran((i^). Now card(0 = card (min ran (d^)) for each ^ G ran(d-'^). By (^), 
there is e G with e C ^2 and dom(e) = ran((i^). Because ran(d-'^) = dom(e) 
is an end segment of ran((7i) = dom((72), dom(g2) \ minran((i^) = dom(e). 
Since e is increasing, it follows from the definition of S that e C d-^. 

^ The claim follows from (^ by induction on i < lh(/). 

H) It suffices to show that {u, 6) G Seq since then the minimality of g"^'^ 
follows from the fact that / is in T. Let /3j denote ref(c"') for every i < 
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lh(n) = lh(/). Abbreviate mindom((i) by ^. By (^), ran(pu.) C < 
= dom(p„^_^J and /<j( G \ "2^^ for every i < Ih('u) - 1. So 

(tt,^) satisfies Definition From (M,dom(/)) G Seq it follows that 



inn2{ui)\{f<i{i) + 1) = funi(n,+i) t(/<i(0 + l) for ah i < lh(n) - 1. These 
equations together with Definition ensure that both of the functions 
fun2(tii) and funi(uj-i-i), for i < lh{u) — 1, have the same constant value on 
the interval ^fs^+i \ H/j-. Hence the pair {u,6) satisfies Definition 3.11 (|d|), 



too. Similarly, the latter claim, concerning end(/), is a consequence of the 
facts that for n = lh(n) — 1, f{^) G ran(g''"'^) = ran(g^' ) C 2f3^^i \^/3„ and 
fun2(un) is a constant function on the interval 2/3„+i \ ^i3„- 

|) Abbreviate sup^(dom(/)) by 9, lh(/) — 1 by n, and for every i < n, 
ind(/i) by Uj. If sup^(ran(/)) < 6 there is nothing to prove. So assume 
sup"'"(ran(/)) > 9. There must be the smallest index j < n satisfying 
sup"'"(dom(/j)) < 9 < sup"*" (ran (/,)), uj is a successor, and c"^ |"dom(/j), 
abbreviated by d, is increasing. Let ^ be mindom((i). Then for all ( G 
dom(/j) \ dom((i), fj{C) < fjiOi ^y the definition of c"^ . Besides, 
dom(/j) C 9 together with Fact |^(|) ensure that for all G dom(d), 
fjiC) ~ fjiO — ^(C) ~ d{^) = C ~ C < ^- So the claim holds in case j = n. 

Suppose n > j. From it follows that for every i G {j + 1, . . . ,n}, Ui 
is a successor, c"* is increasing, and dom(/j) \ f C dom(c"'). For all 
C G dom(/j) \ dom((i), /(C) < /(O since fj{C) < fj{i) and the property 
''fi\{i} is increasing for every i G {j + 1, . . . implies /<j(C) < /<«(■?) 
for every i G {j + 1, . . . , n}. Suppose C G dom((i), i G {j + 1, . . . , n}, and 

/<.(0 < /<i(C) < f<^{O + 0■ Then {/<i(e),/<i(C)} C dom(c"') and by 
Fact Ud), 

/<,.(c) - /<,.(e) = c"»(/<.(c)) - c"K/<i(e)) = /<i(c) - f<^{0 < o. 

The claim follows from the fact that ran(/) \ /(^) = ran(/„) \ f<n{0 ^ 
ran(c"") (remember dom(/„) \ /<n(C) ^ dom(c"") and c"" is increasing). 

§) Denote Ih(^) — 1 by n, lh(/i) — 1 by m and for each i < m abbreviate 
h<i(.0 by and /i<,(C') by Write Cm+i for h{0 and for /i(e'). Note 
that by (|d|), for every i < n and for Uj = md{gi), Ui is a successor, c"' is 
increasing, and gi \{g<iiO} = c"' t{5'<i(0}- 

There exists the smallest index j < m with hj\{S,j} = go\{C}, because 
otherwise for the minimal reduct d of the sequence {hi\{^i} \ i < m) (see 



Fact 3.13 ), d differs from the minimal sequence e = {gi\{g<i{0} \ i ^ n) 
and e„ o . . . o eo = t?ih((!)~i o ■ ■ ■ ° do contrary to (^). We have two cases to 
consider: 
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1) e- > 

2) e- < 

g) Suppose first that i'- > fi. Note that n> i = Cj- Note that hj{Cj) + i'j 
since otherwise also hj{^j) = ^j. The function hj\{^j} must be increasing, 
namely otherwise, we reach a contradiction in the following manner. Assume 
hj is decreasing. There are two subcases: 

i) Assume that sup"^(dom(/ij)) > sup^(ran(/ij)) or sup^(dom(/ij_i)) > 
sup+(ran(/ij_i)). 



ii) By Lemma p.l4 , both sup^(dom(/ij)) 7^ sup"^(ran(/ij)) and sup~''(dom(/ij 



sup+(ran(/ij_i)) hold. So suppose sup"'"(dom(/ij)) < sup+(ran(/ij)) 
and sup"'"(dom(/ij_i)) < sup'^(ran(/ij_i)). 

i) It would follow from the assumption > fi and by applying (^) to 
the sequence {hj"^ , . . . , Hq^^) or {hj^i^^, . . . ,hQ^^), that sup^(dom(/i)) = 
sup"'"(dom(/io)) > /X, a contradiction. 

ii) The function is increasing, since otherwise, 
sup+(dom(/ij_i)) > + 1 > + 1 = + 1 = sup+(ran(/ij_i)). 

Let /? be ref(/i,_ir{C;_i}). If ^j-i > H^, then Cj-i > ^--i and / 
Moreover, ref(/ij_i fj^j-i}) > /3 and sup"'"(dom(/ij_i)) = + 
1 > ^13+1 > + 1 = sup"'"(ran(/ij_i)), a contradiction. On the other 
hand, if ^j-i < D^, then it follows from the assumption > hj{S,j) that 

hj~i\{S,j_i} = {hj\{S,j}y^. By Lemma pT5| (|aD, hj = /ij-i"^ and beg(/ij_i) = 



end{hj) contrary to the minimality of h. 

Hence hj\{^j} is increasing, and by (^), ind(/ij), abbreviated by Vi, is suc- 
cessor, c"^ is increasing, and (^'^ G dom(c^*) for every i G {j, ...,m}. We 
show by induction on z G {j, . . . , m} that + < where + is the ordinal 
addition. 

Since = ^ < fi, ^ aiid /i is cardinal, we have + /i < ^j-. Suppose 
i < m and + /u < c^-. If hi{^i) = £,i = Ci+i then ^,+1 + /U = ^i + ^<^-< 

If G dom(c-0, then ^,'+1 = c^^iCd^ ^i+i = and ^.'+1 - C.+i = 
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If £,i dom(c^'), then the reflection point of say is smaller than 

ref(c''*) by the definition of c^'. Since ^j+i < ^^3+1 < nref(c"i) and /i < 

^ref(c"»), it follows that ^i+i + I^K ^rc^{c''^) < (.'i+l- 

Suppose then that ^'^ < ix. Abbreviate ref(c"»), for i < n, by 7j. Since 
= = goJ {g} is increasing and {^j, j C = dom(c/o) < H^o' 

we get by Lemma |3]T|(|) , that heg{hj) C beg(5o) and hj\{i'^} = go\{^j}. 
By hi are increasing for all i £ {j, . . . , m}. It follows from ^ = 
and = = 5(C) together with (^), that I J < « < m-) = 

(5fet{5<fc(0} I A; < n). 

To show that = hm o ... o hj{^'-) G i'an((/) we prove by induction 

on A; < n that /ij+fc tlCj+fci ~ 9k\{i'jj^k\- Note that m = j + n and it is 
possible that 7^ We already proved the case A; = 0. Suppose /c > 
and for every i <k the subclaim holds. Then {£,j+k-,^'j^k\ = dom(/ij_|_fc) C 
ran(5fc-i) = dom(5tfe). Since hj+k\{ij+k} = gk\{g <k{^)} is increasing and 
i'j+k S dom(5ffc) ^ n^fc, we get by Lemma |3.15| (H), that /ij+fc = 
9k\{i]+,]- ^ 

Lemma 3.17 

a) Suppose p,q (z J-i are such that ind(p) is a limit, dom(p) = dom(g) = 
X, and the set Y = G X \ p\{C} = q\{C}} ^-5 unbounded in X. 
Then md{q) = ind(p), and particularly, p = q, beg(p) = beg(g'), and 
end(|?) = end(g). 

b) Suppose f in T and the set /q = G dom(/o) | ^ < /o(0} 
unbounded in dom(/o). Then there is an end segment J of Iq such 
that for every ^ £ J and i < lh(/), fi\{f<:i{0} is increasing. 

c) Suppose f,g £ J- and n < uj are such that lh(/) = Ih(^) = n, 
dom(/) = ran(/) is a cardinal, and f ^ g. Then ind(/j) < ui(l{gi) 
and fi C Qi holds for every i < n. 

d) Suppose a is an increasing sequence {ai \ I < u)) of ordinals below 
K such that sup"'"(a) is a cardinal. Then for every f £ T such that 
dom(/) = {ai I / < a;}, there are infinitely many indices I < to with 
f{ai) / a/. 

Proof. 1^ Let u be ind(p) and v be ind((7). We may assume that p{C,) = 
q{Q + C for all ^ £Y. Let Z be the set {min{C,p(C)} I C e By 
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Lemma p.l5| (p|), u\S, = for every ^ Z. Since Y is mibounded in X and 
ind(p) is a limit, also Z is unbounded in X. By Lemma 3.14| , sup"*'(X) = 
sup"'"(dom(p)) = dom(p„) = Ilord(u)- Hence, as in the proof of Fact 
u < V. By Definition u = V. Because p and q have the common 

domain X, it follows that p = q, beg(p) = beg(g) and end(p) = end(g). 

If ind(/o) is a successor then sup"''(dom(/o)) < sup+(ran(/o)), and the 
claim follows from Lemma [3 .161 (151). Suppose ind(/o) is a limit. By Lemma [3. 14 , 
sup"'"(dom(/o)) is a cardinal. Suppose, contrary to the claim, that j < n is 
the smallest index for which there is unbounded J C /q such that for every 
in the set Y = {f<j{0 I C ^ J}, fj \{C} is increasing and fj+i f{/j(C)} is not 
increasing. Then ind(/j) is a limit for every i < j, since otherwise the exis- 
tence of the chosen j contradicts Lemma 3.16| (|d|). Therefore sup+(dom(/j)) 
is the cardinal sup+(dom(/o)), and necessarily Y is unbounded in dom(/j). 
So we may assume that /j+i ["{/,• (C)} is decreasing for every ( gY. Since 
fj must equal [fj+i \{fj{C)}) for every ( gY it follows from @ that 
fj = fj+i~^ and beg(/j) = end(/j+i) contrary to the minimality of /. 

^ In the case n = 1 the claim is proved in Assume n > 1. Let 9 be 
the cardinal dom(/) = ran(/). For each i < n, dom(/j) = ran(/j) = 9 hy 
Lemma S.lSK pD- By Lemma |3.14| , ind(/j) is a limit point and fi = Pind{fi) 



for every i < n. Denote the set {.^ < ^ | /o(C) > ^} by ^o- Then Iq must 
be unbounded in 6 by Definition |3.9| . For each i < n — 1 define /j+i to be 
{CG/a^.] I f..+l{0>^}- 

By (0), there is an end segment K of Iq satisfying that for every i < n — 1, 
f<i[K] is an end segment of /j+i. Now lh(/) = Ih(^) = n and /(^) = g{^) 
together with Lemma |3.16| (p|) imply that for all S and i < n, the 
equations f <{.{£,) = g<i{£,) hold. Since K is unbounded in 9 and for each 
i < n, fi\f<i[K] is increasing, also f<i[K] is unbounded in 9 for every i < n. 
By @, ind(/i) < md{gi) and fi = fi\9 = gi \9 for every i < n. 

^ Let 9 be the cardinal sup"^(a;) and let n denote the length of /. For every 
/ < u> and i < n write d[ for the function /i t{/<i(a;)}. For every i < n 
define /j to be the set {I < u) \ d\\s increasing}. 

Suppose, contrary to the claim, that there is m < w such that /(a/) = ai 
hold for alH G w \ m. By Iq is finite. There must be the smallest j G 
{1, . . . , n — 1} such that Ij is infinite. By Lemma [3.15K [b|), sup"'"(dom(/o)) = 
sup"*" (ran (/o)) and so ind(/o) is a limit. Since dom(/j+i) = ran(/j) for all 
i < j, we get by applying Lemma 3.15| (b|) repeatedly, that ind(/j) are limit 
points for all i < j. By the choice of j, there is an end segment J of w such 
that min J > m and d\ is decreasing for alH G J and i < j {d\ cannot be 
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identity for unbounded many I < uj). The set Y = {f<j{ai) \ / G J} is 
unbounded in dom(/j). 

If ind(/j) is a successor, then yndom(c™*^^-^J-') is infinite, and by Lemma 3.16| (d[), 



f{ai) > 9 > ai for infinitely many / € J, a contradiction. Hence ind(/j) is 
a Umit. By there is an end segment K oi J such that for every / € J 
and k G {j, . . . ,n — 1}, is increasing. For every I G K, f{ai) = ai holds, 
and thus the compositions (dg) o . . . o and o . . . o d^- are 

equal. Since end(/j_i) = beg(/j) and the sequences ^ , ■ ■ ■ , (dg) ^) 

and {dp ... , are in !F (in both of the sequences all the functions are 

increasing), it follows from Lemma 3.1(^ (^), that these sequences are equal. 



Particularly, dj = ^ for every I G K. From ^ it would follow that 

fj-i = fj and beg(/,_i) = end(/j), contrary to the minimality of /. ^3.i7j 

Definition 3.18 We define D to be the following closed and unbounded 
subset of k: 

{/ieK\(A + i) I {v^,£,7Tnv^,xnv^,Ynv^) ^{v^,£,7T,x,Y)}, 



where it is the function from Definition 3.4, X = {{pu,heg{pu),end{pu)) 



ueU}, andY = {{v,py,heg{py),end{pv)) \ veU}. 
Note that for all /i G Z?, = fi. 

Definition 3.19 For all G D U {k} and rj,u £ define: 

f[r,, v] = {/ G J- I ind(/,) G U[< H for all i < lh(/), 

beg(/) C 7], andend{f) C z^j; 
Ti[7],u] = [f \ feT[r,,u]andlh{f) = iy 



Lemma 3.20 Suppose /i G D U {n}. 

a) For every u G U, if u is a limit point or a successor in U^, then 
Pu £ implies u G U[< fi]. For all successors u G , if Pu is in 
then there is v £ U[< fj] such that p^ = pu, heg{pv) = heg{pu), and 
end(p^) = end(p„). 
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b) For every v ^U[< ^] and 7 < /x, there is a & (Suc+ n /i) \ (7 + 1) such 
that for every rj' , v' G with funi(u) C r]' and fun2(u) C v' , we can 
find u'^'''^' G U'^[a] satisfying that funi(M'''''^') = rj' , iun2{u^'' ) = u' , 
and is a successor of v. 

c) If rj,i/ G ^2 and q G J^i[ri, v\ is such that for v = ind(g) both funi(t;) C 
rj and fun2(v) C i/ hold, then there is u G U[< /j] satisfying that 
ind(g) < u {implying q C G J^ilr],!^], and 6 C dom(j)u) fl 
ian{pu). 

d) Suppose r/,z^ G ^2, q G ^i[r/,i/], and 9 < ^x. There is f & Tlr],^] such 
that q f and 9 C dom(/) n ran(/). 

e) Suppose rj^u ^ ^2, / G Flrj,!/], and 9 < 11. There is g G jF[r/,i/] with 
g ^ f and 9 C dom(g) ran(g). 



Proof. The properties are straightforward consequences of the defi- 

nition of the functions pu- We sketch proofs of the rest of the properties. 

D Here we need the smah detail that we used id(u) in Definition |3.9| . Denote 
ind(g) by v. If both funi(f ) C rj and fun2(f ) Q v hold, then the claim follows 
from (^. 

Let vl ^v' G ^2 be such that funi(f) C j^' and fun2(v) C v' . Fix elements 
u^,u^, from C/| so that 

is the smallest in <-order with funi(n'^) C -q, fun2(n'^) C rj', and 
9 C dom(p„o); 

is the smallest in o-order with funi(u^) C rj', {nn2iu^) C u', v <u^ 
and ran(p„o \9) C dom(p„i); 

is the smallest in <l-order with funi(n^) C i/', fun2(ii^) C u, 
ran(p„i \ran{p^o \9)) C dom(p„2); 



Define / to be g^'^ , where w = {u^ \ < i < 2). Then / is in !F[ri, u\. 

Define ^1 to be min{C + 1 | C ^ dom(g) and r/(C) 7^ funi(t;)(C)}, and ^2 
to be min{C + 1 | ^ ^ dom(g) and v{C,) 7^ fun2(f)(C)}- Since beg(g) C rj 
and end(g) C v, we have that ,^1 > sup+(dom(g)) and ^2 > sup+(ran(g)). 
So r/f^i = r/'f^i and v'\i2 = i^\i2 ensure that /o^^ I'dom(g') is identity and 
/2["ran(g) is identity. Therefore q^ f. 
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H) Since dom(/) U ran(/) is bounded in fj, it follows from Lemma |3.15| (|d|) 
that dom(/j) U ran(/j) are bounded in fx for all i < lh(/). Hence for every 
i < lli(/), fi ^ V^, and by (^) we may assume, ind(/j) G V^. The claim 
follows from by induction on i < lh(/). ^3.2c| 

4 The strongly equivalent non- isomorphic models 

Recall that k is a fixed strongly inaccessible cardinal and A is a fixed regular 
cardinal below k. 

For ordinals 6 < fi and subsets A of fi, [A]^ is the set of all ^-sequences of 
ordinals in A. For every 9 < fi < k write [/i]^ for the set 

{a € [fi]^ I sup^(a) < fi and for all i < j < 6, ai ^ aj} 

and denote Ue<^ Ms [/^Is'^- We write for the function having domain 
K and range {0}. 

Definition 4.1 For every fi £ D U {k}, 9 < fi, and a G [//]^ we define a 
family {Ra \ rj E ^2) of relations {having arity 6) on /i as follows: 

relations Ra, rj G ^2, are the smallest subsets of [fi]^ having the properties: 
if r] = 0\fj. then a e R^,; 

if there is f £ !F[0\fj,,r]] with dom(/) = a, then f{a) e i?a- 

Suppose fi £ D U {k}. Define to be the vocabulary {Ra \ a S M^^'} 
where each Ra is a relation symbol of arity lh(a). For every t] G ^2, let 
Mr] be the p^-structure with domain p, and interpretations {Ra)^"^ = 
for all a G [/u]^'^. For all x ^ D n p and A (Z p, we write Ai'^^ \A for the 

models having vocabulary p^, domain A, and interpretations {Ra)^'' = 
^^^j^jih(a) allae[x]T- 

Fact 4.2 Assume p £ DU {k} and r] G ^2. 

a) For every a G [/u]^'^, Ra is a subset of [p]g^- 

b) For all Drip, Mr,\x = M?/" \x- 



27 



Proof. ^) Assume that for some b € -Ra, sup^(b) = /i. Then there should 
be / G ^[Of/i, rf\ with dom(/) = a and /(a) = b contrary to Lemma 3.15 (^ 
and the fact sup"'"(a) < /x. 

^ Abbreviate r]\x by v and let a be a sequence from The inter- 

pretation {Ra)^" = Ra is a subset of the interpretation {Ra)^"^ ^'^ since 

T[0\x,v] Q T[0\n,r]]. Suppose b G (i?a)^^''^^ and let / € :F[0\n,'n] be 
such that dom(/) = a and f{a) = b. By Lemma 3.2C(^), we may assume 



ind(/i) G U[< x] ^or every i < lh(/). Consequently, / G ^[Of/i',z/] and 
6Gi?-. 



Fact 4.3 Suppose ^ E DU {k} and ri,u G ^2. 

a) For all V & U with funi(u) C rj and fun2(v) C i/, the function p^ is a 
partial isomorphism from Mr} into M.u- 

b) For every 6 < ji and b ^ c G there exist a £ [//]^ satisfying 

Mrj \= Ra{b) and My ^ Ra{c), 
then there is f G ^[rj, v\ with f{b) = c. 



Proof. Both of these properties are direct consequences of Definition 4.1 



and Fact 3.13 



Lemma 4.4 For all s,t e ^2, 

a) s ~0^p t implies Ms = Mt (~0,p is given in Definition |g. ^ ) , and 

b) if Ms = Mt then s ~^,p t. 

Proof. ^ Suppose s ^^,p t, and let r : k — > 2 be such that {V^, G, P, s, t, r) \= 
(j). For every 6 & C = Cs^t,rf^F> define us to be the tuple {s \5, t \5, r \d, C^^t.r H 
^) {Cs,t,r is given in Definition 3^ and D is given in Definition 3.18| ). Directly 



by Definition |3.2| , for all 5 < e £ C , us, are in and us <u^. Hence 
Pug ^ for 5 < e G C, and moreover, for the function h = {Js^cP^s both 
of the equations dom(/i) = k and ran(/i) = k hold. Consequently /i is an 
isomorphism from Ms onto Mt- 

^ Suppose s ^ t and for fixed < k, s(.f) ^ t(^). Let be an iso- 
morphism from Ms onto Mt, and let S" be the set {5 G k \ -|- 1) | 
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h[5] = 5 is a cardinal of cofinality > A}. Since h is an isomorphism and 
s\S 7^ t\5 for all 5 G S", it follows from Fact |^(b|) that for every (5 G S" 



there is a sequence G ^[s,t] such that = h\6. For all 5 < e G S' , 
= h\6 h\e = f". Since S' is stationary in k, there are n < uj and a 
stationary subset S of S' such that the equation lh(/^) = n holds for every 
5eS. 



Consider some 5 G S" and i < n. Abbreviate ind{f[) by uf. By Lemma 3.15(|) 



dom(/j ) = ran(/° ) = 6. Moreover, by Lemma 3.17K |c|), uf < u\ and 



// ^ fl for all e G 5 \ By Fact |3l^(|), is in . So // = p^s 
and dom(//) = 5 = ord(nf) = D^. Define for each i < n, 



and let s„ be \]^^gixni2{u^_i). Then s = sq and t = s„. 

We claim that s ~0.p t. By the transitivity of ~0,p it is enough to show that 
for every i < n, ri witness Si ~0,p Sj+i. Contrary to this subclaim assume 
that for some i < n, 

(K,€,P, Sj,Si+i,ri) ^ (p. 
Then there is (5 G S for which 

{Vs,G,P r\Vs,Si\5,Si+i\5,ri\5) -< (V^^, G, P, Si, Sj+i, rj). 
However Si\6 = funi(ti^), Sj+i f(5 = fun2(tif), and rj|"5 = fun3(n^), and so 

{Vs, G, P n Vs, funi(nf ), fun2(txf ), fun3(nf )) ^ 
contrary to the fact that uf is in U^. 

In the following two lemmas we assume existence of a regular cardinal fiin D. 
Such /i does not necessarily exists, if k is an arbitrary strongly inaccessible 
cardinal. However, these lemmas are only preliminaries for the main lemma. 



Lemma 4.7 , where we assume k to be a weakly compact cardinal. Note, when 
fi = K in Lemma 4^(^ below, it suffices that k is a strongly inaccessible 
cardinal. 

Lemma 4.5 Suppose fi D is a regular cardinal or fi = k, and that r/, u 
are functions from ^ into 2. 
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a) M,^ =oom;A My. 

b) For every 9 < fi, the model M-n satisfies the Lao^- sentence 



y{Xi I i < 0)( V Ra{{x^ I i < 

c) For all a G [fj]'^^'' and ^ < fi, the following Lo^^-sentence holds in M-n' 

d) For all a G [^]^'^, Mr) satisfies the Loo^i-sentence: 

Proof. ^ We give a winning strategy for player 3 in the game EF^.;^(A^^, Aljy) 
(see Definition p.ll ). Suppose i < A and for each j < i, player V has cho- 
sen Xj G {M-rj, Mu} and Aj C ^ (where /i is the domain of both 
and M.U )• Suppose that for every j < i, player 3 has replied with a par- 
tial isomorphism satisfying that G funi(it-^) C r], fun2(n-^) C i/, 
Ufc<j ^fc ^ dom{puj) n ran(pu^. ), and for all k < j, < Since i < A and 
G for each j <i, the tuple u = |Jj<i is in by Fact |]6|(|). Let 6 
be the smallest ordinal which is strictly greater than any ordinal in Uj<i 
{6 < fi since fi is regular, i < fi, and card(y4j) < /i for every j < i). By 
Lemma [3.20 (pj), there is in U[< /x] satisfying that v <i n*, funi(n*) C ?], 



fun2(tii) C I/, and C dom(p„i) fl ran(p„i). Since Uj<iPnJ = ^ Pu*) the 
partial isomorphism valid reply for player 3 in the round i. 

D By Definition |4]|, for every h G [/u]^, Rb{bi) is satisfied in A^of/^- The 
claim follows from (^). 

^ By (^) we may assume r/ = Of^. For x = a the claim holds directly by 
Definition 4.1. For any x = b G i?^\{a} there is some / G ^[Ot/i,OI"/i] such 



that dom(/) = a and /(a) = b. Since D there is by Lemma \i.2> 
g G ^[0 f/i, with g ^ f and dom(5f) = (^) ^ a. 

^ Analogously to the proof of (^. If x = b and y = C then there is some 
/ G T[0\fj,,0\fj] such that f{a) = b. Moreover by Lemma 3.20| (^), there is 
g G ^"[0 \n, t/i] with g^ f and ran{g) = (C) ^ b. U 
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Lemma 4.6 Suppose fi is a regular cardinal in D and A is a subset of k 
having cardinality fi. 



a) Suppose r] G ^2, A Q fi, and M.^^ \A =00^ -Mri- Then A = fi. 

b) IfM^o'' \A =00^ Mo\^^ then there is r] e >'2 for which TWf^" \A ^ Mr,. 

Proof. ^ Suppose, contrary to the claim, that ^ < fj, is not in A. Let b in 
[fj]^ be such that b C A, bo > and for every i < u), bi < card(6i+i). This is 
possible since /i = cf(^), /i € I? imphes /i is an uncountable limit cardinal, 
and card(A) = fi implies that A is unbounded in /i. By Lemma |4 .51 (151), 
there is a e [fj]'^ such that \= Ra{b). Since b C A also A4f^^ \A satisfies 
Raib). By Lemma |45|pD, there is ^' < ;U such that Mr, \= R(^^i)^a{{0 ^ 
By Lemma |45|(H), there should be C G ^ with A^^" \A \= R(^^,)^a.{{C) ^ b). 
However, then by Fact O(^), there should he f £ satisfying dom(/) = 



{^} U b, /(^) = C 7^ ^, and f{b) = b contrary to Lemma |3l7|(|d|). 
^ Our proof has the following structure: 



When A Q ^ the claim follows from (g) and Fact 4.2(b| 



The case that A is not a subset of C + /U for any G ^ is shown to be 
impossible. 

Lastly we prove that when ^ ^ C + A* some C € A, there are 
ry € ^2 and g £ J- such that dom(g) = /i, Tan{g) = A, heg{g) = r], and 
end(g) CO. So 51 is an isomorphism between Mr, and Mq^ \A. 

Suppose there is an w-sequence b such that fog > A* and for all I < uj, bi A 
and bi^i > bi+^. By the equivalence Mq^ \A =ooh M.o\,i and Lemma p3| ([b|) , 
there is a € [/u]"^ such that Mq" \A \= Ra{b). Hence there should he f £ T 
with dom(/) = a and f{a) = b contrary to Lemma 3.1£| (|). 



Suppose ( £ A and A Q ( + ^. As above, there are f £ T and 7 < // 
with dom(/) = {7}, /(7) = C, beg(/) = OK7 + 1), and end(/) = Or(C + !)• 
Since 7 < /i < C = /(7)i there is the smallest index k < lh(/) such that 
f<k{l) < l^ and f<k{l) > A^- By Lemma 3.15 (|^), fj is increasing for all j G 



{k, . . . ,lh(/) — 1}. Let u he the sequence (ind(/j) | j G {k, . . . ,lh(/) — 1}). 
By Lemma |3.16| (|e|), the sequence g^''^ is a well-defined member of and 
moreover, end{g^'^) C 0. Abbreviate this sequence by g and the ordinal 
f<k{n) by We define the wanted rj to be heg{g). 
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Finally we show that for this g the equation A = ra.n{g) holds. Sup- 
pose C is in A but not in ran(5f). By the equivalence and Lemma f4.5| ([b|), 
there are e,e' < jj such that R(^^^{() and -^^^/^^^(C', C) hold in Mq'^IA. By 
Lemma |45| (|^), there is ^' < /x for which R(^^i^^){^' in Airj. However, by 
Fact ^(|b[), there should be /i G ^ with h{^) = C and /i(C') = C') contrary to 
Lemma |3.16| @. From another direction, if A ^ Tan{g), then rj and the set 
B = g~^[A] ^ /i contradict (^), since by Lemma 
our assumption, Mo\t, =00^ A^o" t^' and g-^\A: M^o"" \A ^ M?,'" \B. 



4.5(1), =oci, Moif^, by 



Lemma 4.7 Suppose n is a weakly compact cardinal and M is a model of 
cardinality k with M. =ook ■Mo- Then there is s £ '^2 for which M. = Ms- 

Proof. Without loss of generality we may assume that the domain of A4 is 
K. By the =ooK-equivalence of the models A4 and A^O) let for every regular 
cardinal < k, be a subset of k such that M^f^ f/i = A4q^ \Afj,. Let 



Y be the set given in Definition 3. IS . Note that for all ;U € L> U {k} and 



r] € ^2, the model Mrj is definable from rj and Y n V^. Let r be a winning 
strategy for 3 in the game EFfi■^{^A, Aio). Assume now, contrary to the 
claim, that A4 ^ Aig for all s S ^^2. Because k is Hj^-indescribable, there is 
a regular cardinal fj, < k such that {Vf^, €, M^f^ \h,t (1 V^,Y n V^) satisfies 
the following: 

for allr/ G ^'2,MP^^ \^l ^ Mr,. 

Then Mo\fi = Mq^Ih =00^ MP^Iij., and by the isomorphism M''''\n = 
M'o" \A^, we have Mo^^ =00^ M'o" \A^ and for all r] G ^2, M'^f \A^ ^ Mr,. 
This contradicts Lemma 4.6(b|). ■ 



Lemma 4.8 Suppose k is a weakly compact cardinal, X < k is a regular 
cardinal, and there is a T\- equivalence relation on '^2 having /i different 
equivalent classes. Then there exists a model M such that the vocabulary 
of M consists of one relation symbol of finite arity, card(A^) = k, and 
NoxiM) = fi. 



Proof. By the preceding lemmas the model Mq defined as in Definition 4.1 



satisfies the claim, except that the vocabulary of is overly large. However, 



by [3he85, Claim 1.3(1)], the inaccessibility of k ensures that there is a 



model Af of cardinality k with A many relations of finite arity satisfying 



No(A^) = No(Alo) (the proof is a simple coding). Furthermore, by She85 , 
Claim 1.4(2)], the A many relations can be coded by one relation so that 
the other properties are preserved. Actually, the claims cited concern the 
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case A = Ho, but there is no problem to preserve Noa(A^o) in the cases 
^^o < A < K, too. 
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